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Abstrat. Superooled liquid is desribed in terms of the theory of defeted states
of bond orientational order using the ontinuous theory of defets. It is shown
that the initiation of a loal orientation order leads to the breakdown of the initial
SO(3) symmetry of the theory, as a result the plasti deformation elds of the
linear defets beome Abelian. The expressions for linear disloation and dislination
tensor potentials are derived within the framework of the quasistationary adiabati
approximation. It is shown that α-relaxation and β-relaxation of superooled liquid
an be desribed as relaxation proesses in the dislination and disloation subsystems
aordingly. Dislination topologial moment is proposed to use as an order parameter
at the desription of glass transition.
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1. Introdution
It is known that the translation symmetry absene in liquids (does not entail) (is
not aompanied by) an absolutely random atom order. Most liquids under low
temperatures possess a short-range or middle-range order. This ordering is determined
by the diretions and lengths of valene bonds, valene angles, extents of the atom
and ioni radiuses, et. In ontemporary journals this order is alled "loal order" [1℄,
"loally favored strutures" [2℄ or "bond orientational order" [3℄, while the liquid state
is alled Frenkel phase [4℄, high density phase [5℄ and so on. The pioneering liquid state
theory, based on the bond orientational order oneption, was suggested by Frenkel [6℄.
In spite of the objetive ompliations of experimental investigations and theoretial
desription of liquids there is appreiable progress in development of this oneption.
The plenty experimental results, whih sustain this oneption, (see [4℄ for example)
and theoretial works, whih develop one, [7℄ have reently appeared. Among of them
let us note the model of defeted states of bond orientational order, suggested by Nelson
[3℄ with the purpose of a disordered moleular systems desription. Our interest to this
approah is aused by the opportunity to use it for desription of the superooled liquids
and the glass transitions [8℄.
The general idea of the onsidered model an be formulated in the following way:
Under the high temperatures a liquid is an isotropi (quasi-gas) state of the ondensed
matter, whih is haraterized by absene of any short-range atom ordering and, as
a result, loally SO(3)-symmetri. Under the temperature derease or the pressure
inrease the initial system ordering happens. In this ase the short-range order, whih
is loally symmetri relative to some point group, forms. Sine this symmetry depends
only on atom interation, it is natural to assume that in most ases they are not among
the Fedoro groups, therefore, the ground state of these systems is a nonrystalline
(a long-range order is absent) and innite degenerated one owing to the geometri
frustrations.
The topologial defets (disloations and dislinations), whih orrespond to these
frustrations, are basi struture elements of the system. It is important to emphasize
that in ontrast to the rystal defet, whih inrease the system energy, the defets in the
onsidered model are essential struture elements, whih ompat the paing and make
the disordered system more energy-optimal than the rystal one [3℄. In order to destroy
the topology defets great energy onsumptions are neessary. However, beause of the
frustrations and the thermal otations the system of topology defets is moving. This
motion is a ooperative atom motion, and due to this the ondensed matter maintains
a uidity.
2. The gauge eld theory Lagrangian
The gauge defet theory is a method of the disordered moleular system desription,
whih is based on the mathematis of the gauge eld physis. This approah implies a
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fundamental role of the defets in the properties formation of the disordered moleular
systems. Its basis was developed in the works of Lihkahev [9℄, Kadih and Edilen [10℄,
Nelson [3℄, et.
In the most fundamental form, whih was suggested in [10℄, the gauge defet theory
is represented within the generalized theory of the Yang{Mills gauge elds. To write
down the Lagrangian of the defet system, let us make use of the standard theory of
elastiity. The simplest Lagrangian, desribing the system with elasti deformations,
has the following form:
L0 =
1
2
ρ0∂4χi∂4χi −
1
8
[
λ (uii)
2 + 2µ uijuij
]
,
where χi(r¯, t) is the elasti strain eld, λ and µ are the Lame onstants (the elastiity
and shear modulus aordingly), ρ0 is the mass density (whih is onsidered to be
onstant for simpliity), and uij are the relative deformation omponents:
uij = Cij − δij = ∂iχl∂jχl − δij
(Roman letters a, b, . . . are used to denote the spae omponents set {i} = {1, 2, 3},
and Greek letters α, β, . . . are used to denote the full index set, inluding the time
omponent X4, {α} = {1, 2, 3, 4}).
Aording to the gauge theory of disloations and dislinations, the plasti
deformation of the matter struture an be onsidered as a breakdown of the
homogeneity of the rotation and translation (SO(3)⊲T(3)) groups ation. In order
to take into aount these homogeneity breakdowns, the ompensating elds (Aαa and
ϕib) are introdued into the Lagrangian, and the transition from ordinary to ovariant
derivatives is eeted:
∂αχi → Bαi = ∂αχi + εijlAαjχl + ϕαi,
where εijl are three generating matrixes of the semisimple group SO(3). After that, the
Lagrangian L0 is replaed by the new Lagrangian
L = L0 + sϕLϕ + sALA,
where sϕ and sA are free parameters of the theory, and the rst term desribes elasti
properties of matter:
L0 =
1
2
ρ0Bi4Bi4 −
1
8
[
λ(Eii)
2 + 2µEijEij
]
,
where Eij = BliBlj − δij is the unit strain tensor. The seond term,
sϕLϕ = −
1
2
sϕDiαβDiαβ,
desribes the disloations; the following notation is used here:
Diαβ = ∂αϕiβ − ∂βϕiα + εilj (Alαϕjβ −Alβϕjα + Flαβχj) ,
Fiαβ = ∂αAiβ − ∂βAiα + εijlAjαAlβ,
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The third term,
sALA = −
1
2
sAFijlFijl +
1
2ζ
sAFi44Fi44, (1)
desribes dislintions. The Yang-Mills elds, Aiα and ϕiα, desribe dislinations and
disloations aordingly.
The gauge defets theory is a general one, sine it onsiders the ase of the ideal
isotropi matter, whih is loally symmetrial with respet to the SO(3)-group of
rotations in the three-dimensional spae. This theory is non-Abelian one [7, 10℄, whih
is the main problem of the onsidered approah. However, this paper will argue the idea
that in the systems, whih have a bond orientational order, this trouble disappears.
3. The Lagrangian symmetry breakdown
Note, that a moleular system an be SO(3)-symmetrial just as Hamiltonian only at
the relatively high temperatures. At low temperatures, aording to the onsidered
model, a loal bond orientational order appears there. Defets an exist only in loal
ordered systems. Then the system's hoie of a ground state and appearane of an
order parameter, Q(~r), with some internal state spae, Mn, lead to the spontaneous
symmetry breakdown. As a result the ground state symmetry does not agree with the
Hamiltonian's SO(3)-symmetry.
The broken symmetry is the bond orientational order symmetry, whih is generally
determined by the nature of the hemial moleular bonds. Let us onsider two
important ases: 1) In the systems with the spherial interation potential the
tetrahedral paing is the most preferred one, whih depends the iosahedral form of
the short range ordering. It is known that the iosahedral symmetry group, Y, is
isomorphous to the nite group of the proper rotations of R
3
spae, whih has three
orbits (see appendix 1). Eah orbit orrespond to the rotation a round one of the
symmetry axes. Sine eah of these orbits oinides with the orresponding internal
state spae, one an assert that the symmetry groups of these internal states are
point symmetry subgroups in the SO(3). 2) Diretor is the order parameter in the
nemati liquid. The ground state of this system an be arbitrary onguration of the
odiretional diretors. The system's ýhoieþ of one of the ground states leads to the
SO(3)→SO(2) symmetry breakdown, as a result the system remains symmetrial in
relation to rotations around the seleted axis.
Thus in the polytetrahedral and monoaxial nemati models the symmetry groups,
whih keep the order parameter, are subgroups of the SO(2). The nonlinear over Aij
part of dislination eld tensor vanishes, and the elds of the linear topologial defets
beome Abelian:
Fiαβ = ∂αAiβ − ∂βAiα + εijlAjαAlβ → Fiαβ = ∂αAiβ − ∂βAiα.
This leads to a signiant simpliation of the onsidered systems analysis, sine the
Lagrangian is out of nonlinear Aij terms, whih are typial for the Yang{Meals theory.
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4. The linear topology defets elds in the quasistationary adiabati
approximation
In order to nd the tensor potentials of the linear defets one needs to do some
simpliations: First of all let us desribe the defets system in the quasistationary
approximation (∂4Aiα = 0). In ase of slow relaxation this seems to be appropriable.
Besides, in this paper we will be interested in the typial for amorphous systems low-
angled dislinations with ν ∼ 0.2 Frank index. In this ase the onsidered model an be
linearized:
χi = δiaxa + εu
(1)
i + ε
2u
(2)
i + . . . ,
Aαi = εAαi + ε
2A
(1)
αi + . . . ,
ϕαi = εϕαi + ε
2ϕ
(1)
αi + . . . ,
(2)
where ε ∼ ν is the small parameter, ui = εu
(1)
i + ε
2u
(2)
i + . . . is the displaement vetor.
For simpliity let us assume that the free topology defets do not interat with eah
other. Below we will show that all these simpliations are equivalent to the adiabati
approximation. This seems to be appropriable in view of the signiant dierene
between the disloation and islination subsystem relaxation times.
In order to determine the tensor potential of the linear dislination segment let us
minimize the dislination term of the Lagrangian,
LA =
1
4
FαijFαij .
In [11℄ it was shown that the quasistationary solution for the gauge eld tensor potential
of the linear dislination segment, dlα, has the form of
Ai4 = xα
(
C
r3
+ 2C1
)
dli, Aik = εikjxj
(
C
r3
+ C1
)
dli. (3)
It is signiant that in this expression there is no a summation over α, and C1 = 0
aording to Aαk (∞) = 0.
Then from (1) one an determine the linear disloation eld. In the linear
approximation the Aϕ produt is proportional to ε2, therefore one an neglet the rst
two terms in the brakets:
Diαβ = ∂αϕiβ − ∂βϕiα + εiljFlαβχj,
where
Fiαβ = ∂αAiβ − ∂βAiα.
As it was noted above the linear approximation leads to the neglet of the disloation
birth{annihilation proesses on the dislinations.
The disloation and dislination systems have intriate ongurations. Therefore,
in spite of the above approximations, the problem of the theoretial desription of suh
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systems is a diÆult task. But it an be signiantly simplied when the high defet
mobility is onsidered. In ase of high defet onentration they sreen the elasti
energy of eah other by the formation of the dislination and disloation loops. The
sreening leads to the minimization of summary loal topology harge. This minimizes
the disloation and dislination subsystems energy, sine the elasti energy density of the
defet loop dereases faster than one of the single linear defet. In ase of dislinations
it is 1/r3 against 1/r. As a result the tensor potential of the dislination subsystem eld
is determined by the topology dislination moment, Qij(r): Aij =
Qij
r3
(see appendix
2). Substituting this potential form to the above expression one an write
Diαβ = ∂αϕiβ − ∂βϕiα +
∫
εilj (∂αAlβ(x¯− r¯)− ∂βAlα(x¯− r¯))x
jdr = ∂αϕiβ − ∂βϕiα.
It follows that the linear disloation eld potential has the same form like the dislination
one:
ϕij = εijk
xk
x3
dli.
Then one an get the tensor potentials of arbitrary ongurations of the disloation
and dislination elds. Taking into aount the sreening the interation energy of the
linear defets system an be represented in the form of the interation energy of the
loal topology moment system, and the problem is redued to the known one.
5. Topology moment interation
In spite of the fat that the linear disloation and dislination tensor potentials have the
similar form, they have dierent ontributions in the elasti interation. This determines
the signiant dierene between the dislination and disloation subsystem relaxation
dynamis.
The stress eld is produed by the disloations and dislinations. Keeping only
nondiagonal elements of the deformation tensor in the rst innitesimal order one an
write it in the form
σai ≃ µEai = µ (BajBji − δai) = µ [εαalxlA
α
i + εαilxlA
α
a + ϕai + ϕia + ∂iua + ∂aui] .
The elasti interation energy,
UE =
∫
EaiσaidV = U
R + UT + URT ,
inludes the inter-disloation, UT , and inter-dislination, UR, interation terms, as well
as the disloation{disloation interation URT term. In spite of the fat that the last
term is important in the alulations, in order to simplify the qualitative analysis we
will limit ourselves only with the rst two terms.
As it was noted above, the elasti interation energy of the dislination network an
be represented in the form of the interation energy of the topology moments system:
UR =
µ
2
∫
εαalxlA
α
i εγajx
′
jA
′γ
i dV ≈
a2
2
∑
α, β
QRil (~rα)J
R
ijlk(~rαβ)Q
R
jk(~rβ),
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where α and β label the moments, a is the typial linear dimension of dislination loops,
and
JRlkij(~r) ≈ µ
δij
2|~r|3
(
δlk − 3
rlrk
r2
)
.
The elasti energy of the disloation topologial moments system has the form of
UT =
µ
2
∫
ϕaiϕ
′
aidV ≈
a2
2
∑
α, β
QTil(~rα)J
T
ijlk(~rαβ)Q
T
jk(~rβ),
where
JTlkij(~r) ≈ µ
δij
2|~r|5
(
δlk − 3
rlrk
r2
)
.
Comparison of the expressions for the dislination interation and disloation interation
makes it lear that the rst one is the long-range interation
JR(r) ∼ 1
/
r3 ,
while the seond one is short-range:
JT (r) ∼ 1
/
r5 , 5 > d = 3.
This is a very important dierene, sine it leads to the dierene of relaxation dynamis
of the dislination and disloation subsystems, whih is the ause of the experimentally
observed deoupling between rotational and translational diusion [12℄.
In order to display it let us represent the energy funtional of the dislination
subsystem in the form of the funtional of the frustration limited domains theory [7, 13℄:
UR =
∫ {
1
2
|∂µQ
R(~x)|2 +
1
2
τ |QR(~x)|2
}
d3x−
1
2
∫ ∫
QR(~x)JR(|~x− ~y|)QR(~y)d3xd3y,
where Q is some loal strutural variable (order parameter). The rst item is a short-
range interation aused by ontinuity of Q, the seond item is a weak long-range
interation, whih desribes the dislination moments interation. In [13℄ it was shown,
that presene of a long-range interation in suh system leads to its frustration. It
allows us to assert, that beause of the long-range interation the dislination subsystem
is geometrially frustrated. The system's frustration leads to the slow non-Arrenius
dynamis of relaxation proesses proeeding in this system [7, 14℄. Thus in the
onsidered system the relaxation of the dislination subsystem is α-relaxation.
On the other hand the short-range interation of the disloation subsystem does
not lead to the same frustration, and relaxation dynamis of this subsystem has a usual
Arrenius form. It is β-relaxation.
This dierene of the subsystems relaxation dynamis agrees with experimental
results [12℄, whih prove that in superooled liquid there are two types of relaxation
proesses. These types onern the rotary and translational types of diusion. The
degrees of freedom, whih orrespond to dislinations moves, are inherently rotational
and orrespond to ooperative moleular motion, whereas the disloation degrees of
freedom are translational ones.
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6. Topology moment as an order parameter
In some theories [8, 13℄ the liquid{glass transition is onsidered as a speial form of
phase transition in the glasses and struturally disordered systems. In this ase the
problem is redued to desription of the interative dislination subsystem. As in any
another phase transition theory the entral problem of this theory is the denition of
order parameter. On the one hand an order parameter should haraterize the loal
state and desribe the short-range order symmetry, on the other hand the free energy
of the system should be invariant under saling transformations, so that the saling
hypothesis was true.
The linear defet topology moment, QRij , used above satises these riterions. First
of all this order parameter haraterizes the short-range order symmetry by denition.
At the same time it has the non-moleular (supermoleqular) sale, and the theory
is sale-invariant. One an explain this in the following way: the loal ordering of
the topologial moments under dereasing of the temperature leads to the symmetry
breakdown, SO(3)→SO(2). In this system the next generation of topology moments
appears. At freezing in this system, just as in nemati, an ordering of the moments
ours. However, as a result of their random situation a general diretion for all
topologial moments of the system does not exist. As a result this leads to the
appearane of next generation of topologial defets with a bigger sale. After hanging
the sale one an desribe the system with the former model. Close to the ritial point
this suession is the saling invariant hierarhy of the topology moments. This form
of order parameter was used in [14℄ to desribe the glass transition in terms of ritial
dynamis.
7. Conlusions
The important feature of the approah developed above is the possibility of the
sequential desription of superooled liquid. This desription joins the marosopi
properties with the short-range and middle-range order of moleular system. One an
onlude that the presene of a loal symmetry in a real moleular system leads to the
breakdown of the SO(3)-symmetry of the ideal ontinuous theory of defets. As a result
the dislination and disloation elds beome Abelian, and this essentially simplies
the system analysis. In the rst innitesimal order the free dislination and disloation
elds are independent eah other. Thus this approah is equivalent to the adiabati
approximation. This also simplies the system analysis but at the same time allows to
keep the important properties of the system. One of these properties is a deoupling
between rotational and translational relaxation proesses: aording to the developed
theory α-relaxation is the relaxation in the dislination subsystem, and β-relaxation is
the relaxation in the disloation subsystem.
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8. Appendix 1 (topology)
The formation of the bond orientational order in liquid leads to the addition of the U
potential, xing the loal orientation order symmetry, to the Lagrangian of the isotropi
elasti matter. The state spae of this system is the set in whih the free energy potential,
U, extremes lie. It is the orbit of the U potential symmetry grope (the ground state
symmetry grope) on the symmetry grope, G, of the 3-d isotropi spae, whih oinides
with the SO(3) rotation grope.
The uniaxial nemati has the SO(2) ground state symmetry grope. Therefore
its single orbit on the G is the sphere with the identied antipode points,
RP
2
=SO(3)/SO(2)×Z2. The ground state symmetry grope of iosahedral, Y, has the
three orbits on the G, whih are orrespond to the disrete axial rotations around the
2-th, 3-th and 5-th order axes: SO(3)/Zνi×Z2 (ν1 = 2, ν2 = 3, ν3 = 5) [15℄.
The initiation of a linear singularity (defet) in the system implies that from the
R
3
oordinate spae the R line is ut out. Thus the linear singularity presene leads
to mapping of irle, R
3\R1∼S1, in the Mn state spae. If the lass of the S1 irle
homotopi mapping to the Mn state spae an not be ontrated to point, π1(M
n) 6=1,
then the linear defet in the order parameter eld is stable. In both ases, whih are
of interest to us the linear singularities are topologially stable, sine π1(RP
2
)6=1 and
π1(SO(3)/Y)6=1. In the non-Abelian ase, when a symmetry breakdown is absent, there
are no topologially stable defets, sine π1(SO(3)/SO(3))=0.
9. Appendix 2 (the topology moment determination)
In order to determine the dislination topology moment let us onsider the tensor
potential of an arbitrary system of the losed linear dislinations, inluded in the volume,
V :
Aia = e
iν
2
εiak
∫
xk
x3
lidV, (4)
where x is the distane from the lidV dislination setion to the observation point. Let
us pik out an arbitrary point in the onsidered system (ýenter of urrentsþ), and
signify by the
~R the vetor from this point to the dislination setion (~R = ~x+~r), then,
provided that r ≪ x, in the expansion (4) one an ontent oneself with two rst terms:
Aia = e
iν
2
εiak
Rk
R3
∫
lidV + e
iν
2
εiak
∫
rk
R3
lidV+
+ei
3ν
2
εiak
∫
RkRsr
s
R5
lidV + . . . .
(5)
In the order of values the relation of the last pair of terms to the rst one is equal to
l/x, where l is the linear dimension of V . Therefore at x > l, when this expression is
orret, the last two terms are smaller than the rst one. Thus one an approximately
write that
Aia = e
iν
2
εiak
Rk
R3
∫
lidV.
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However, in the ase of the system of losed and sreening eah other topology defets,
when
ν
∫
lidV = 0,
the rst and the seond terms in (5) vanish, as a result
Aia = πa
2ν
(
δia − 3e
iea
) 1
R3
+ . . . .
In this ase the topology moment, Qia = πa
2ν (δia − 3e
iea), is the basi parameter, whih
haraterizes the losed linear defet system. At a great distane the tensor potential
of this system is
Aia =
Qia
R3
,
where R is the distane from the observation point to the dislination system,
haraterized by the topology moment QR. Similarly one an express the tensor
disloation eld potential by means of disloation topology moment, QT .
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